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$C$ $q$ $g$ , $Z(T)$
. $Z(T)$ ,
$Z(T)=(1-T)(1-qT)P(T)$






. $H_{8}$ binary extended Hamming code , $H_{8}$ 3 $l\mathrm{h}$ self-dual
Riemann ( [8] ). Duursma [5] extremal
Riemann , [6] extremal $\prime \mathrm{I}^{\mathrm{t}}\mathrm{y}\mathrm{p}\mathrm{e}$ IV
. TyPe $\mathrm{I}\sim \mathrm{I}\mathrm{I}\mathrm{I}$ . Riemann
. extremal TyPe IV 136
(Zhang[15] ), Riem $\mathrm{a}\mathrm{n}\mathrm{n}$ . Type $\mathrm{I}\sim \mathrm{I}\mathrm{V}$
$\mathrm{G}\mathrm{L}(2, \mathbb{C})$ , weight enumerator .
Duursma Riemann
( [2] ).




$\mathbb{C}[x, y]$ 2 , , $n$ $f(x, y)\in \mathbb{C}[x, y]$
$x^{n}$ 1 $n$ $\xi \mathrm{o}\mathrm{r}\mathrm{m}\mathrm{a}\mathrm{l}$ weight enumerator .
$f(x, y)=x^{n}$ $A_{d}x^{n-d}y^{d}+$ ( $y$ 1,‘ $d+1$ ), $(A_{d}\neq 0)$
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, $d$ $f$ . $R$ , $R[[T]]$ $R$ . $Z(T)=$
$\sum_{i=\text{ }^{}\infty}a_{n}T^{n}\in R[[T]]$ , $[T^{k}]Z(T)$ $k$ $ak$ . .
Duursma[3] .
2.1. $f$ $n$ formal weight enumemtor, $d,$ $q$ 1 .
$n-d$ $P(T)\in \mathbb{C}[2^{1}]$ .
$P(?^{7})$ $f(x, y)-x^{n}$
$[T^{n-d}](1-T)(1-qT)$ $(x$ $+y(1-T))^{n}=$ $q-1^{\cdot}$
(1)
21( ). formal weight enumerator $f$ , 21 $P(T)$ $f$ ( $q$
) .
1 , $\mathrm{F}_{q}$ ,
$1/\sqrt{q}$ . 21 , $1/\sqrt{q}$ , forma}
weight enumerator $f$ t Riemann ( Riemann ) .
Riemann . Riemann
. $f(x, y)$ ,
.
22(MDS weight enumerator). $1\leq d\leq n+1$ , MDS (Maximal Distance Separable) weight
enumerator $M_{n,d}(x, y)$ . $M_{n,d}=M_{n,d,q}=x^{n}+ \sum_{w=d}^{n}A_{w}x^{n-w}y^{w}$ ) $A_{w}$
:
$A_{w}= \sum_{i=d}^{w}(-1)^{i-w}(\begin{array}{l}-inn-w\end{array})(\begin{array}{l}ni\end{array})\langle q^{i-d+1}-1$ ) $=(\begin{array}{l}nw\end{array})(q-1)$ $\sum_{j=0}^{w-d}(-1)^{j}(\begin{array}{ll}w -1 j\end{array})q^{w-d-j}$ (2)
1. 2 MDS code , $[n, 1, n],$ $[n, n-1,2],$ $[n, n, 1]$
. $n,$ $d$ MDS code welght
enumerator . $q$ , .
[4, Prop. 1 .
22. $1\leq d\leq n$ :
$[T^{n-d}](x2\urcorner+y(1-T))^{n}=M_{n,d}-x^{n}$
$(1 -T)(1-q^{\Gamma}I)$ q–l
$\{M_{n.1)}M_{n,2}, \ldots, M_{n.n}, \mathrm{J}/I_{n,n+1}\}$ $\mathbb{C}[x, y]$ $n$
. $n$ formal weight enumerator $f$ $\{M_{n,i}\}$ . $f= \sum_{i=d}^{n+1}p_{i}M_{n,\mathrm{i}}(p_{d}\neq 0)$
, $f$ $d$ 2.2 $f$ $P(T)$ $P(T)=p_{d}+p_{d+1}T+\cdots+p_{n}T^{\mathrm{n}-d}$
.
$\tau\in \mathrm{G}\mathrm{L}(2, \mathbb{C}),$ $f\in \mathbb{C}[x, y]$ , $(\tau\cdot f)(x,$ $y_{/}^{\mathrm{t}}:=f((x, y)\tau)$ . $\sigma=\frac{1}{\sqrt{q}}(\begin{array}{ll}1 1q-1 -1\end{array})$
MacWilliams .
23. $1\leq d\leq n+1$
$\sigma\cdot M_{n,d}=q^{\frac{n}{2}-d+1}M_{n,n-d+2}$ .
24. $f\in \mathbb{C}[x, y]$ $d$ formal weight enumerator, $P(T)$ , $r=2g$
. $d\geq 2$ . ).
6) $\sigma\cdot f=\pm f$ ,
$\epsilon\epsilon$
(ii) $P(T)= \pm q^{g}P(\frac{1}{qT})T\ovalbox{\tt\small REJECT}$
$r=n-2d+2$ .
2.1. formal weight enumerator $f$ ‘ 2 . $f$ Riemann
$\sigma\cdot f=\pm f$ .
3 Riemann \Lambda
Duursma [5] , extremal self-dual divisible code Riemann
. self-dual divisible code Type I $\mathrm{I}\mathrm{V}$ , $\mathrm{I}^{1}\mathrm{y}\mathrm{p}\mathrm{e}$ 1 $\mathrm{G}\mathrm{L}(2, \mathbb{C})$




31(extremal ). $A$ $\mathbb{C}[x, y]$ , $n$ ,
$A_{n}=$ { $f$. $\in A|f$ $n$ }
, $h\in A_{n}$ $A_{n}$ $h$ $n$ extremal .








31. $G=<\sigma>_{\gamma}\chi$ $\chi(\sigma)=-1$ $G$ linoer character . .
(i) $\mathbb{C}[x, y]^{G}=\mathbb{C}[x+(\sqrt{q}-1)y, y(x-y)]$ .
(ii) $\mathbb{C}[x_{1}y]_{\chi}^{G}=(x-(\sqrt{q}+1)y)\mathbb{C}[x, y]^{G}$ .
(iii) $\mathbb{C}[x, y]^{G}$ $n=2m+l(l=0,1)$ extremd $m+1$ .
(iv) $\mathbb{C}[x, y]_{\chi}^{G}$ $n$ extremat $d$ . $n=2m+1$ , $d=m+1$ .
$n=2m+2$ $m+1\leq d\leq m+2$ .




$(\sqrt{q}h^{I}I_{n,m+1} 1qM_{n,m+2})$ if $n=2m+1$ .
extremal Riemann .
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(vi) $\mathbb{C}[x, y]_{\chi}^{G}$ $n$ extremal $h_{J}$ $d$ ,
$h=\{$
$\frac{1}{\sqrt{q}-q}(\sqrt{q}M_{n,m+1}-qM_{n,m+2})$ if $n=2m+1,$ $d=m+1$ ,
$\frac{1}{1-q}(M_{n,m+1}-qM_{n,m+3})$ if $n=2m+2,$ $d=m+1$ ,




$P(T)$ $n$ . $P(T),$ $\frac{d}{dT}P(T)$
, $P(T)$ ( 2 ). P( –$\sqrt$l ) ,
1 $:= \#\{t|P(t)=0, t=\pm\frac{1}{\sqrt{q}}\}$
. $P(T)$ $T=x+iy$
$P(x+\mathrm{i}y)=r(x, y^{2})+\mathrm{i}ys(xy^{2}\})$
. $x^{2}+y^{2}=1/q$ $r(x, y^{2}),$ $s(x, y^{2})$ ,
$\phi(x)=r(x, \frac{1}{q}-x^{2}),$ $\psi(x)=s(x, \frac{1}{q}-x^{2})$
.
$\Omega(x):=\mathrm{G}\mathrm{C}\mathrm{D}(\phi(x), \psi(x))$
$\langle$ . ( , $\Omega(x)$
. $\Omega(x)$ Sturm (Sturm $[12^{1}]$ ), $(-1/\sqrt{q}, 1/\sqrt{q})$
( $n$ $l$ ) $/2$ . 1 $x$ 2 $y$ , $(n-l)/2$
, $P(T)$ , $1/\sqrt{q}$ .







$S_{1}=S_{2}= \frac{1}{\sqrt{2}}(\begin{array}{ll}1 11 -1\end{array}),$ $S_{3}= \frac{1}{\sqrt{3}}(\begin{array}{l}112-1\end{array}),$
$S_{4}= \frac{1}{2}(\begin{array}{l}113-1\end{array}),$
$T_{1}=T_{4}=(\begin{array}{l}010-1\end{array})\prime T_{2}=(\begin{array}{ll}\mathrm{l} 0\mathrm{c} i\end{array})\prime T_{3}=$
$(\begin{array}{ll}\mathrm{l} 00 \omega\end{array}),$ $\mathfrak{e}:_{i}=<S_{i},$ $T_{i}>(i=1_{7}2,3)$ .
$\emptyset_{1}$ linear character $k=0,1,$ $l=0,1$
$\chi k,l(S)=(-1)^{k},$ $\chi_{k,\ell}(T_{1})=(-1)^{\ell}$ ,
100
C2 linear character $k=0,1,$ $l=0,1_{\}}2,3$ ,
$\rho_{k,l}(S)=(-1)^{k},$ $\rho_{k,l}(T_{2})=\mathrm{i}^{l}$ ,
$\mathfrak{g}_{3}$ linear character $k=0,1,$ $l=0,1,2$ .
$\mu k,l(\frac{\mathrm{I}}{\sqrt{3}}(\begin{array}{ll}1 12 -1\end{array}))=(-1)^{k},$ $\mu k,l((\begin{array}{ll}1 00 \omega\end{array}))=\omega^{l}$ ,
$\emptyset_{4}$ linear character $k=0,1,$ $l=0,1$ ,
$\eta_{k,l}(\frac{1}{2}(\begin{array}{ll}1 13 -1\end{array}))=(-1)^{k},$ $\eta_{k,l}(T_{1})=\langle-1)^{l}$
. linear character .
31, (i) $h_{2}=x^{2}+y^{2},$ $h_{4,1}=xy(x^{2}-y^{2}),$ $h_{4,2}=x^{4}-6x^{2}y^{2}+y^{4}$
$\mathbb{C}[x, y]_{\chi}^{\mathrm{Q}}$’Al. $h_{4,1}^{l}h_{4,2}^{k}\mathbb{C}[h_{2,}h_{4,1}^{2}]$ .
(ii) $\phi_{8}=x^{8}+14x^{4}y^{4}+y^{8},$ $\phi_{6}=xy(x^{4}-y^{4})_{r}\phi_{12}=(x^{4}+y^{4})(x^{4}-6x^{2}y^{2}+y^{4})(x^{4}+6x^{2}y^{2}+y^{4})$
$\mathbb{C}[x, y]_{\rho\kappa_{l}\iota}^{q;_{2}}.=\phi_{6}^{l}\phi_{12}^{k}\mathbb{C}[\phi_{8}, \phi_{6}^{4}]$ .
(iii) $\psi_{4,1}=x^{4}+8xy^{3},$ $\psi_{4,2}=y(x^{3}-y^{3}),$ $\psi_{6}=x^{6}-20x^{3}y^{3}-8y^{8}$
$\mathbb{C}[x, y]_{\mu k_{\mathfrak{l}}1}^{\{\mathrm{i}3_{3}}.=\psi_{4,2}^{l}\psi_{6}^{k}\mathbb{C}[\psi_{4,1}, \psi_{4,2}^{3}]$ .
(iv) $\xi_{2}=x^{2}+3y^{2},$ $\xi_{3,1}=y(x^{2}-y^{2}),$ $\xi_{3,2}=x(x^{2}-9y^{2})$
C[x ]\eta \emptyset k4lt $=\xi_{3,1}^{\ell}\xi_{3,2}^{k}.\mathbb{C}[\xi_{2}, \xi_{3,1}^{2}]$.
31 formal weight enumerator $\mathit{1}=0$ .
$k=0$ , Duursma extremal codes .
3.1 $\mathbb{C}[x, y]_{\chi_{1_{1}\mathrm{f}1}}^{\emptyset\iota}=h_{4,2}\mathbb{C}[h_{2)}h_{4,1}^{2}],$ $\mathbb{C}[x, y]_{\rho_{1,\mathrm{O}}}^{\mathrm{i}\}_{2}}‘=\phi_{12}\mathbb{C}[\phi_{8}, \phi_{6}^{4}],$
$\mathbb{C}[x, y]_{\mu\iota_{1}0}^{\mathfrak{B}_{\mathrm{S}}}=\psi_{6}\mathbb{C}[\psi_{4,1}, \psi_{4,2}^{3}],$
$\mathbb{C}[x, y]_{\eta\iota,\iota}^{q3_{4}}=$
$\xi_{3,2}\mathbb{C}[\xi_{2}, \xi_{3,1}^{2}]$ , 288} 332, 322, 285 extremal , Riemanrl
.
32 unitary
Type $\mathrm{I}\mathrm{I}$ Shephard-Todd[ll] unitary No. 9
( $\Leftrightarrow^{\mathrm{f}}5^{3_{-}}$ Shephard-Todd[ll] $\#_{\llcorner}^{\vee}\acute{\{}\not\in$ ). 2 unitary $\text{ _{}\backslash }\ovalbox{\tt\small REJECT}\Re \text{ }$ No.
$4\sim 22$ Riemann , , unitary
Klein[7] \mbox{\boldmath $\tau$}‘’X‘ \not\subset \Re ae , MacWilliams $\mathrm{g}p\grave{\grave{1}}$ unitary
$q=2$ , $q=2$ ,
unitary
[11, Table $\mathrm{I}\mathrm{V}$ ] .
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$|\begin{array}{lll}ffl \sigma) \mathrm{N}\mathrm{o} 4 5 6 7 \end{array}|$
$\text{ }\{[perp]|144722448$
“
$P_{R}^{l}\sigma \mathit{2}f^{\mathit{3}}f^{\mathit{3}}ff$,’,\not\subset ,ttt2t2R $|\begin{array}{l}\mathscr{L}\prime\Phi \mathrm{E}\emptyset\backslash \ \ovalbox{\tt\small REJECT}4,612_{7}64,1212,12\end{array}|$
$f,$ $t$
$f$ $=$ $x^{4}+2\sqrt{3}\mathrm{i}x^{2}y^{2}+y^{4}$ ,
$t$ $=$ $xy(x^{4}-y^{4})$
. $\sigma\cdot f=e^{\frac{\pi i}{3}}\overline{f},$ $\sigma\cdot t=t$ .
No. 4\sim 6 extremal Riemann .
No. 7 $G\tau$ 12 extremal
$f’=x^{\mathrm{I}2}-33x^{8}y^{4}-33x^{4}y^{8}+y^{12}$
, $\mathbb{C}[x, y]^{G_{7}}=\mathbb{C}[f’, t]$ . $\sigma f’=-f’$ .
$n=12(2m+l)(l=0_{l}1)$ extremal $h$ $f’$ $y$ $y^{4}$ , $h=$
$\sum_{i=0}^{m}a_{2i}f^{2m-2i+l}t^{2i}$ . $\sigma\cdot h=(-1)^{f}h$ . 312 ,
$\mathbb{C}[x, y]^{G\tau}$ extremal Riem $\mathrm{a}\mathrm{n}\mathrm{n}$ .
unitary













$f$ $=$ $xy(x^{4}-y^{4})$ ,
$h$ $=$ $x^{8}+14x^{4}y^{4}+y^{8}$ ,
$f$ $=$ $x^{12}-33x^{\mathrm{S}}y^{4}-33x^{4}y^{8}+y^{12}$
. $\sigma\cdot f=f,$ $\sigma\cdot h=h,$ $\sigma\cdot t=$ . $h,$ $t$ 24 , No. $9\sim 15$
extremal No. 8 extremal , No.
8 , No. 8 292 , extremal Riemann
.
unitary
No 16\sim 22 Riemann .
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33




, 2 , $n$ .




, $f,$ $g$ $\mathbb{C}[x, y]^{D_{n}}=\mathbb{C}[f, g]$ . 2.1 , Riemann $\sigma h=\pm h$
$\text{ }r_{X}\text{ }f\mathrm{g}$ \iota } ) $\frac{1}{\sqrt{2}}(\begin{array}{ll}1 11 -1\end{array}) \in D_{n}$ , $8|n$ . $n=8$ H $\mathbb{C}[x, y]^{D_{\iota}}$
’
Type I $-\mathrm{f}\mathrm{f}\mathrm{i}\text{ }$ . $16\leq n\leq 96$ 150 extremal ,
2 , $1/\sqrt{2}$ .
4 Riemann
.
41. $f=x+y,$ $g=y(x^{2}-y^{2})$ . $n\equiv 5(\mathrm{m}\mathrm{o}\mathrm{d} 6)$ . $\mathbb{C}[f,g]$ $n$ extremal
$q=4$ Riemann .
3. 41 $\mathbb{C}[f, g]$ . $n\equiv 5(\mathrm{m}\mathrm{o}\mathrm{d} 6)$ ,
$n$ Riemann . 3
, 164 ,
41 Duursma[6] . $f=x+y,$ $g=y(x^{2}-y^{2})$ .
.
4.1. $\mathbb{C}[f, g]$ $n=3m+2$ extremal $h$ . $n\equiv 5(\mathrm{m}\mathrm{o}\mathrm{d} 6)$ . $h$
$m+2$ .
$h\in \mathbb{C}[f, g]$ extremal , $d$ .
$y^{d-1}| \frac{\partial}{\partial y}h(x, y)$ (3)
. $(u, v)=(x, y)\sigma$ . (3)
$v^{d-1}| \frac{\partial}{\partial v}$ $(u, v)$ .
$v=(x-y)/2,$ $\frac{\partial}{\partial v}=(3\frac{\partial}{\partial x}-\frac{\partial}{\partial y}),$ $h(u, v)=(\sigma\cdot h)(x, y)=h(x,y)$ ,
$(x-y)^{d-1}|(3 \frac{\partial}{\partial x}-\frac{\partial}{\partial y})h(x, y)$ . (4)
(3) $\}$;(4) ,
$\{y(x-y)\}^{d-2}|\frac{\partial}{\partial y}\langle 3\frac{\partial}{\partial x}-\frac{\partial}{\partial y})h(x, y)$
103
$n=3m+2$ , $h= \sum_{i=\text{ }^{}m}a_{i}f^{3\langle m-i)+2}g^{i}$ . $f=x+y,$ $g=y(x-y)(x+y)$ ,
$(x+y)^{m+2}|h(_{X_{\}}}y)$ , -c
$\{y(x-y)\}^{d-2}(x+y)^{m}|\frac{\partial}{\partial y}(3\frac{\partial}{\partial x}-\frac{\partial}{\partial y})h(x, y)$ (5)
(5) $2d-4+m$, $n-2=3m+l-2$ . 4.1 $n\equiv 5(\mathrm{m}\mathrm{o}\mathrm{d} 6)$
$d\geq m+2$ , $C$ , ,
$\frac{\partial}{\partial y}(3\frac{\partial}{\partial x}-\frac{\partial}{\partial y})h(x,y)=C\{y(x-y)\}^{m}(x+y)^{m}$ . (6)
$m+2$ . $P(T)$ $h$ ,
$P(T)$ $h(x, y)-x^{n}$
$[T^{n-d}](1-T)$ $(1-4T)^{(xT+(1-T)y)^{n}=}$ 3
$1_{-}^{}Fy \partial(3\frac{\partial}{\partial x}-\frac{\partial}{\partial y})$ ,
$[T^{\tau\iota-d}]P(T)(xT+(1-T)y)^{n-2}=C(3 \frac{\partial}{\partial x}-\frac{\partial}{\partial y})h(x, y)=C\{y(x-y)\}^{m}(x+y)^{m}$
. $P(T)= \sum_{i=0}^{m}p_{i}T^{i}$ ,
$\sum_{i=0}^{m}p_{i}(\begin{array}{l}3m+im\end{array})y^{m+i}(x-y)^{2m-i}=C\{y(x-y)(x+y)\}$















$R(T)= \sum_{i=0}^{m}\frac{p_{i}}{2^{i}}T^{i}=P(T/2),$ $\lambda=m+1$ , 42 ,
$\frac{1}{c}(\begin{array}{l}3mm\end{array})R(T^{2})=(m+1)_{m}^{C_{m}^{m+1}}m!T^{m}(\begin{array}{l}T+T^{-1}2\end{array})$
. $\{C_{\mu}^{\lambda}\}$ $\#\text{ }$ $($ 1- $x^{2})^{\lambda-1/2}$ I,\S , $c_{m}^{m+1}$ [-1, 1] $m$
. $R(T)$ $m$ , $P(T)$
$J\mathrm{I}\backslash \backslash \Xi$ , 1/2 $m$
. 41 .
104
3. $q=3$ . $f=x(x+2y)\rangle g=y(x^{3}-y^{3})$ , $\mathbb{C}$ [$x$ , y]<\sigma $\mathbb{C}[f, g]$ .
. extremal 274 Riemann
, 2, 10 Riemann .
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